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Abstract. The localization of eigenfunctions in finite samples of the 1D Anderson
and Lloyd models is quantitatively described by the information length. This quan-
tity is numerically investigated for both models and it is found to scale with the size
of the sample and the disorder according to a simple law,

1. Introduction

The dynamical phenomenon of localization, common to many models of quantum
chaos, has often been compared with that of Anderson localization, occurring in dis-
ordered crystals [1]. The diffusive absorption of energy that follows the appearance of
chaos in periodically perturbed nonlinear classical systems is strongly limited and may
even be suppressed by quantization. The ‘kicked rotator’ has been a prototype for this
phenomenon and in that case a formal connection with models of the Anderson type
has been found [2]. In both cases one has to deal with eigenfunctions—of the Hamil
tonian in the Anderson case, of a Floquet operator in the dynamical case—that are to
some extent localized inside a finite ‘sample’ of a fixed size. These eigenfunctions have
a random aspect and their statistical properties may be described in the language of
multifractals [3]. How various statistics related to such eigenfunctions scale with the
size of the sample and with the disorder is also a common problem in the two cases. In
the dynamical case this issue has been investigated by analysing the behaviour of the
so called ‘entropic localization length’ of eigenfunctions [4, 5], which was indeed found
to obey a scaling law. The band structure of the relevant Floquet matrix and the high
degree of randomness of the matrix elements then suggested that such a scaling could
be more generally a property of band-random matrices, which indeed was shown to
be true [6].

In the case of the Anderson model the scaling properties are not usually referred
to the entropic length but to the inverse Lyapunov exponent, which can be efficiently
computed by means of the transfer matrix method and which is moreover directly
related to the residual conductance via the Landauer forrnula [7}. Therefore, a direct
comparison of these different scaling laws is not possible. On the other hand, the
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entropic length (and, possibly other generalized lengths, like the inverse participation
ratio) appear to be rmuch more convenient when a very large number of sites are cou-
pled by the interaction. This is typical in the semi-classical regime of models that
are endowed with a well-defined classical limit and in such cases a transfer matrix
approach is impossible. In order to compare the scaling properties of dynamical lo-
calization and of band-random matrices to those of Anderson localization, one has
therefore to reformulate the latter in terms of entropic or related lengths.

In this paper we investigate the scaling properties of the entropic length for the
Anderson and for the Lloyd model. Our numerical results yield evidence that these
models exhibit a similar scaling law. Though it is not clear how this scaling law
may be related to the scaling theory of conductance, it has the important property of
taking the same form in both cases, as soon as a proper choice of variables is made.
This raises the interesting question of whether the same scaling law can be found in
different models of localization.

2. The tight-binding Hamiltonian

The tight-binding models we investigate are characterized by Hamiltonians with a
tridiagonal symmetric structure and random diagonal entries. The eigenvalue equa-
tion is

(Hu)n = un+l+v;lun+un—1 =Eun (1)
The boundary condition are ug = up,; = 0 and the potential {V,} is a set of N
independent random variables, with the same probability distribution P(1/).

We shall consider the two important cases of the Anderson and Lloyd models, with
prababilities given respectively by:

_Jyw for ~W/2 < V < W/2
P (V) = {0 elsewhere @
PolV)= ~oiis - (W >0) (3)

Other models which have largely been studied in this context are characterized by a
non-random potential, specified by a periodic function whose period is incommensu-
rate with the lattice spacing. Two examples are Harper’s {or Mathieu) equation [8]
and the ‘Maryland model’ [9].

It is mathematically proven that the above random models in the large N limit
display exponentially localized eigenfunctions, no matter how small the disorder; the
rate of decay is measured by the Lyapounov exponent ¥ which may be evaluated
by Thouless’ formula [10] or by the transfer matrix method [11]. The latter is a
convenient method for translating the recurrence relation for the eigenfunction into a
multiplicative procedure

()= )] () .
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Since uy = 0, with =, = 1 this is precisely the recurrency property for the determinants
of the Jacobi submatrices of H, and therefore uy; = Det(E —~ H), which shows that
the eigenvalues are determined by the boundary condition uy ., = 0. Although ¥ for
a finite N depends on the realization of the disorder, in the himit N — oo it converges
to a non-random value, the inverse of which is known as the localization length £, .
In the Anderson case, the dependence of the localization length on energy is rather
complicated. For small disorder (small W) it has been evaluated in [12, 13] for different
energy ranges. For example, at & = 1 it was found that

£t = (WHT2)[1 - (2/3)WH2 + (1/60)W? + - ]. (5a)
In the opposite case of large disorder (E < W) the behaviour is
£} = log(W/2) — 14 (55)

For the intermediate range one has to compute numerically the rate of exponential
growth of vectors under repeated application of the transfer matrices for very long
samples (figure 1).

As for the Lloyd model, the Lyapunov exponent can be found analytically in the
Iimit ¥ — oo: :

v = cosh™ (%\/(2 +E¥ 4+ W2+ -i-\/(z - B + W2) : (6

The scaling theory for the metal-insulator transition has received an elegant formula-
tion in the formalism of tight-binding models, where it relates the inverse Lyapunov
exponent ¢ for finite samples of size N to the localization ratio £, /N. The scaling
assumption is [7)

where f(2) is a scaling function. The form of this function is very important, because
it is directly related to the behaviour of the conductance as a function of the sample
size [7).

In this paper we characterize the structure of eigenfunctions by means of a different
parameter: the information, or entropic localizaiion lengih [4], which is defined in
terms of the Shannon entropy, as follows. The Shannon entropy of a normalized state

(ug,tg, ..., upy) is:
N
H[ul,...,uN]=—-Zu?Ioguf. (8)
i=1

In our study we consider ensembles of states specified by the value of the energy E
and by different realizations of the randem potential. For such ensembles, we define
the average normalized information length:

B(E,N, W) = expH — H_] (9)

where H is the entropy of the state of energy E, averaged over disorder, and H..; is a
normalization entropy computed as the average entropy in some reference ensemble.
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The great advantage of this definition is the applicability in both extended and
localized states; moreover, it has been shown to correspond to the common intuition
of the fraction of unperturbed states which, on the average, are significantly populated
by eigenstates with the given energy [7, 14-18].

In our case, we choose as reference ensemble, which by definition will have § =1,
that which corresponds to maximally delocalized states. These are obtained in the
limit of vanishing disorder and have the form of plane waves. The eigenvalues are
E®) = 2cosfkr /(N +1)], k = 1,..., N with eigenfunctions

5 ke R .
N+lsm(nN—+1) n=1,... N. (10)
These eigenfunctions represent the limiting case of infinite localization ratio; no ran-
domness survives in them. Their entropy for large N has the same value irrespective
of the label k of the eigenvalue: H,, = log(ZN) — 1. This is an important differ-
ence to the case of band-random matrices, where the maximally extended states are

completely random ones. In that case, the reference ensemble is the microcanonical
ensemble and the reference entropy has to be computed accordingly [4, 14].

u® =

Ln W

Figure 1. Numerically computed localization length {0 versus disorder for the An-
derson model for E = 1. The broken curves represent respectively the theoretical
limits at low disorder (equation (5a)) and high disorder (equation (54)). The exper-
imental line is obtained by averaging over disorder and for a sample of length 2 x 10%
for In(W) < —2 (where fuctuations are larger) and length 10% for In{I¥} > —2.

3. Numerical results

The numeriral work reported here was aimed at investigating how the information
length (9) scales with disorder and with sample size. The scaling law (7) suggests that
B(N,E, W) (which for any given N, E, W yields a measure of the spread of the eigenvee-
tors) may be essentially determined by the sample size N and by the localization ratio
§o/N. As a matter of fact, this sort of scaling has been actually found to hold for
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the Kicked Rotator model [5] and for band-random matrices [6]. Our present results
for the Andersor model (figure 2) provide evidence of a scaling law of the form:

eCfm N1

P= Tele N1

a

The same scaling is also made apparent by the log-log plot in figure 3, which demon-
strates the following dependence equivalent to (11):

log lfﬂ = Iog(gﬁ) +C (12)

In our computations on the Anderson model, £ was taken in two different ‘energy
windows’ of width AE = 0.1, centred at EF = 0.1 and at E = 1.0 respectively. The
value of # was obtained by statistically averaging over an ensemble of random samples
of size N = 400-3200. For every fixed sample size, a large number of results (up to
1000) were generated. For every sample we computed the average entropy of the
eigenstates whose energies were found to lie in the chosen window; the result was
further averaged over the different samples of the same size and finally substituted
into (9).
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Figure 2. Scaling of § versus the localization ratio x == £.o /N for the Anderson
model for 0.05 < F < 0.15 and N = 3200 (+), N = 1600 (¢}, N = 800 {A) and
N = 400 (+). The same symbols are used in the following figures,

Since no analytical expression of £, is available for the whole range of disorder
covered by our computations, we resorted to a numerical computation of £, via the
transfer matrix method, except for the case of very weak localization, where the the-
oretical weak-disorder expansion (5a) was used. A plot of the numerically computed
£, versus W at E = 1.0 is shown in figure 1, together with the theoretical results
(5a), (5b) for the cases of weak and strong disorder respectively.

For the constant € in (12) our data yield C & 1 for both the windows at £ = 0.1
and £ = 1.0. It is interesting to compare these numerical values with an approx-
imate estimate of C that can be obtained as follows. In the limit of very small
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Figure 3. The scaling of # versus the localization ratio £ = 0o /N in the variables
Iny = In{3/1 — B) and In(z). (¢) Anderson model, with energy window 0.05 < E <
0.15. (b} Anderson model, with energy window 0.95 < E < 1.05. (¢) Lloyd model,
with energy window 0.95 < E < 1.05. .

localization ratio one can assume the eigenvectors to decay exponentially away from
a single peak, with the average shape u, = exp(—£5'|n — npl). In the limit of large
N, this average dependence can be used to compute the average entropy of eigen-
functions corresponding to a given energy and then the corresponding g; in this way
one finds 8 = (e2/2)(€,,/N). Upon substituting this result in equation (9) one gets
C = 1.307... . The discrepancy with the actual value of C found from numerical
data is due to the fact that the assumed average exponential form of the eigenfunction
does not account for unknown fluctuations that change the numerical factor in the
expression of 3.

Similar computations were made on the Lloyd model. Also in this case a scaling
law of the form (12) was found. Figure 3(c) shows results for an energy window
centred at E = 1.0. For matrices of rank 3200 the disorder parameter W ranges from
W =12 to W = 7 x 10~%, so that the scaling actually holds in a very large interval.
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In this case the data give C = 1.4.

4. A model-independent form of the scaling law

Because the value of the constant C in the scaling law (12) depends on the model
{Anderson or Lloyd) and on the energy window as well, the scaling law as expressed
in (12) is not the same in all those cases. However, the fact that this law is linear in
all cases allows for an interesting invariant reformulation.

In all cases we found a scaling relation that, upon substituting in (11) the definition
(9) of 3, takes the general form:

Q‘HT(N’W )e_Htei(N) QS(W)
AW e B XN (13)

where W is a measure of disorder, ¢(W¥) is an ‘intensive’ (i.e. N-independent) parame-
ter like ¢, for Anderson and Lloyd or W? for band-random matrices (in that case W is
the bandwidth), and finally N is the size of the system. The energy dependence is here
unimportant and we have dropped it. The value of X depends on the model and on
the energy. In any case, one has the large-N asymptotics H, (N) ~ log(N/c) (with ¢
being a model-dependent constant) or exp[—H (V)] ~ ¢/N. Upon substituting this
in (13) and taking the limit N — oo one finds

e W) = K o(W)
that can be used to eliminate K¢ from (13); in this way the constant ¢ also drops out
and one finally finds

e-——H“(N,W) - e-—E(OO,W) + e—-E(N,U) (14)
The sample size N now enters through exp[H  (N)] which may be thought of as an

effective size of the sample. By defining the length d(N, W) = exp H(N, W) for the
sample of N sites and disorder parameter W, we therefore obtain:

11 1
d(N, W) ~ d{oo, W) + d(N,0)’

(15)

5. Conclusions

The phencmenon of quantum localization is common to several models, including
some that are not directly related to electronic transport in disordered solids and
are quite different from the tight-binding models where that phenomenon was first
identified. This is the case of models of ‘quantum chaos’, where important progress
was made possible by the use of ideas and concepts from the theory of the Anderson
localization. In particular, a scaling property was found in the Kicked Rotator model
for the ‘information length’ of localized eigenstates. In order to assess precisely to what
extent this sort of scaling is similar to the scaling in 1D tight-binding models, we set out
to investigate the scaling properties, if any, of the same quantity in the Anderson and
the Lloyd model. We have found numerical evidence that these models also display a
scaling lJaw for the information length; moreover, this scaling law assumes a universal
form as soon as it is formulated in terms of ‘informational’ quantities. The simple
and elegant form of this law (15) calls for a theoretical explanation and also raises a
question, as to whether it can be expected to hold in any 1D localization problem.
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